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1. Introduction

Introduced in the literature as reference [1], cell-free massive MIMO is a distributed system devoid of cell boundaries, integrating all
antennas into a singular cell entity. This novel concept faces practical hurdles, notably the connection of antennas to the central controller
constrained by the capacity of the links. Cell-free massive MIMO systems, characterized by numerous single-antenna Access Points (APs)
operating simultaneously to serve a smaller cohort of users on shared frequency resources. As shown in Figure 1, it has garnered significant
interest due to their proficiency in delivering consistent, superior service quality to every user, thereby eliminating the need for handovers
[2] [3] [4] [5]. Channel hardening refers to the phenomenon where the effect of small-scale fading diminishes as the number of antennas
increases, leading to more predictable and stable channel conditions. Access points in cell-free massive MIMO systems provide the
advantage of channel hardening, similar to conventional massive MIMO configurations, ensuring consistent service quality [6] [7] [8].
Exploiting the spatial domain for spectral efficiency gains is also employed in a technique known as beamforming [9]. In multi-antenna
systems, accurate Channel State Information (CSI) is essential for successful transmission. Ideally, mutually orthogonal training sequences
or pilots should be selected for precise channel estimation. However, in most real-world scenarios, there are more users than available
orthogonal training sequences. Consequently, a single training sequence may be assigned to multiple users, resulting in pilot contamination,
which significantly affects massive MIMO systems due to the reuse of non-orthogonal pilot sequences across neighboring cells. As the
number of interfering cells increases, the severity of the problem escalates rapidly, potentially leading to system failures [10] [11].
Extensive research on pilot contamination exists within centralized massive MIMO systems [12] [14]. Certain characteristics of massive
MIMO channels, such as advantageous propagation, channel hardening, or constrained angular spread, have been identified to mitigate
pilot contamination. These techniques operate in the power domain [15], angular domain [16] [17], or a combination of both [18],
effectively reducing or eliminating the issue. However, these beneficial channel traits are not preserved in distributed settings, making pilot
contamination a persistent and complex challenge in cell-free massive MIMO systems. In this work, the problem of power allocation under
pilot contamination in the downlink was investigated, and the CSI was calculated in the AP under pilot contamination using our previous
work [19]. This approach facilitates coverage for numerous users over the same frequency resources. Massive MIMO systems are
characterized by using a vast number of antennas to simultaneously accommodate a substantial number of users within the same frequency
spectrum [20] [21]. Numerous studies have demonstrated that massive MIMO can substantially improve system performance by enhancing
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spectral efficiency, increasing data rates, and providing better coverage [22] [23], making it a strong candidate for 5G technology [24] [25].
Research advancements have shown that antenna distribution throughout the cell, as opposed to central co-location, enhances key
performance indicators such as spectral efficiency, transmission power requirements, and coverage area [26] [27]. Despite these benefits,
these systems also face challenges [28]. Studies [20] [2] have explored the performance of CB and ZF precoders in cell-free networks,
employing max-min power allocation to enhance system performance under varying network conditions. Pilot contamination, where non-
orthogonal pilot signals from different users interfere during channel estimation, degrades system performance. The max-min power
allocation strategy in CB is utilized to bolster system performance, encompassing a non-convex optimization problem with significant
computational demands. For the ZF precoder considering channel estimation errors, we advocate for less complex power allocation
algorithms (expounded in Section 5). This work contributes to operationalizing cell-free massive MIMO by proposing a local coverage
model and optimizing the sum rate. This paper delineates a technique based on the SINR to address the downlink sum-rate maximization
problem, providing a detailed algorithm and performance analysis. CB precoding aligns the transmitted signal with the intended user’s
channel vector, maximizing received signal power but may result in higher interference in densely populated networks. The ZF algorithm
significantly outperforms CB in terms of achievable sum-rate and interference mitigation.

Fewer (<10) Antenna Wireless Access

Fig. 1. Cell-free massive MIMO.

The structure of this paper is methodically arranged as follows. System Model (Section 2): An examination of the essential elements
of our cell-free massive MIMO system is conducted. Channel Estimation (Section 3): This section is dedicated to a detailed analysis of
channel estimation methodologies. Downlink Achievable Rate and Optimal Power Allocation (Sections 4, 5): An in-depth exploration of
the proposed optimization algorithm is presented. Numerical results and discussions (Section 6): Empirical data are showcased, followed
by a series of analytical discussions. Conclusion (Section 7). The paper culminates with a synthesis of our investigative efforts and an
outline of prospective avenues for further research.

2. System Model

In this work, a cell-free network model is developed and analyzed, which eliminates internal cell divisions and consolidates the network
into a single large cell with P access points and U users, each equipped with an individual antenna. This model builds upon the foundational
work of [29]. All access points, also termed antennas in this discourse, serve the entire user base and are linked to a network control unit.
The channel coefficient for an antenna p and user u is specified as follows [1]:

qpu = \/B_pugpu €9)

In the context of signal propagation, the term By, denotes the coefficient associated with large-scale fading. This coefficient is pivotal
in quantifying the diminution of signal power, commonly referred to as path loss, and encompasses the shadowing effects. The latter is
distinguished by a coefficient that demonstrates a slow fluctuation over time. It is feasible to monitor and forecast this coefficient with a
reasonable level of precision. Contrary to systems that are co-located, a cell-free system is subject to large-scale fading. Notably, the extent
of large-scale fading is unique for each combination of user and access point. The second component, denoted asgp,, , follows a complex
normal distribution, gy, ~ CN (0,1), and represents the coefficient of small-scale fading. These coefficients are regarded as random
variables that are identically distributed and independent of each other. In accordance with the block fading model, it is postulated that g,
(1 <p<P1<u<U) remains constant within a coherent interval and changes independently across different coherent intervals.
Furthermore, the channel coefficients for uplink and downlink broadcasts are thought to be the same, a concept known as channel
reciprocity. The channel matrix, which establishes the connection between each antenna and user, is represented by Q € CP*Y, where the
element [Ql,y = qpu-

3. Channel Estimation

In a massive MIMO system devoid of cellular divisions, it is assumed thatP > U. CSI refers to the known channel properties, such as
channel coefficients, which describe how signals propagate from the transmitter to the receiver. Accurate CSI is essential for optimizing
signal transmission and achieving high throughput in wireless communication systems. Consequently, antenna p is tasked with the
computation of the channel coefficients gp, ,u =1,--,U. Accurate channel estimation is facilitated through the employment of the Time
Division Duplex (TDD) protocol, which has been shown in previous studies [1] to be effective in environments similar to our proposed
model. Within this framework, each user transmits an initial training signal ¢, ,++, @y to the antennas in unison. Subsequently, the
protocol entails the derivation of channel coefficients for each antenna and the utilization of these determinations to direct beamformed
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data to every user. Approximately 1400 pilots, exhibiting mutual orthogonality and utilizing half of the coherence time, are operational
provided the users' velocity does not exceed 10 km/h and the carrier frequency stands at 1.9 GHz. It is thus rational to infer that users
who recycle the same training signal are spatially separated, mitigating the risk of significant pilot contamination namely, the coherent
interference resulting from multiple users employing identical pilot sequences. Hence, it is postulated that pilot sequences of sufficient
length to ensure mutual orthogonality, T = U, ie. ¢! @; = §j;, are allocated to users, non-orthogonal training signals of length T =
U,where q)iH @; = 8. This approach incorporates a direct consideration of the noise-induced error in channel estimation. During the
training phase at antenna p, the sequence of signals received is given as [1][2].

8]
Yp =+ prtz Jpi @i +1p @)
i=1

In this scenario, p,- represents the power of the uplink signal, while nj, , which is distributed as n, ~ CV" (0, L), signifies the Additive
White Gaussian Noise (AWGN). The Minimum Mean Square Error (MMSE) estimation of qp,, is determined accordingly as [1]:

~ VPr T Bpu
dpu = Tﬂfpu @ Yp 3)

Let§pu = gpu — Gpu be the channel estimate error. It is well known that there isn't any relationship between §ny and §p, , As explained
in[1][2][29]

. [

quNCN(O'm) .
~ PrTBlz-"“

qpu~CN(0pru_m> (5)

The channel coefficients were obtained in this work using our method in previous work which deals with pilot contamination when
two users share the same pilot signal [19]. In the subsequent sections, we will conduct an analysis of the primary linear precoding strategies,
focusing specifically on zero-forcing precoding. As previously noted in Section I, our discussion throughout this paper is centered on
addressing the max-min optimization problems.

4. Downlink Achievable Rate

ZF precoding is a linear precoding technique where the transmitted signal is designed to cancel interference with other users by
inverting the channel matrix. This ensures that each user's signal is received with minimal interference from other users, improving overall
system performance. In the absence of a specified power allocation, the ZF precoder is characterized by a unique matrix. Concurrently, the
objective of this discourse is to ascertain the optimal power allocation method for the ZF precoder within a cell-free massive MIMO
framework. It is presupposed that every user falls within the coverage area of each antenna, and the signal emanating from all access points
is distinctly defined.

Xp = ZfRv (6)

Where Z¢ represents the precoding matrix, R denotes the diagonal power matrix, which contains the square roots of power allocations, /1

A/ N2) s \/n—t, along its diagonal, and v is the vector that comprises the transmitted symbols for all users. In the assumption of employing
a ZF precoder, it is established that [30]:

Z=Q@Q" Q)™ ™)
Within this framework, the symbol Q* denotes an estimated version of the channel matrix Q . By applying the matrix Z¢ , we accomplish
QTZ¢ = 1y, where Iy is the identity matrix. The variablesap,, 1 < p < P,1 < u< U, are the individual elements of Z¢ . The matrix
Zgzr is defined as the precoding matrix tailored for the challenge of cell-free power allocation, where each element [Zzg ], = alz,f,, and
defined as follow [30].

o= /PaNpu %u P = 1+, P,u=--,U 8)
To guarantee that the matrix product QT Zz is diagonal, it is crucial to ensure that the power coefficients 1qy, ..., py , foru = 1---,U,

are properly aligned. Therefore, we proceed with the hypothesis that these power coefficients are uniquely determined by the variable t ,
implying that np; = 1 . Based on this assumption, we then define the precoding matrix in a manner that is consistent with these conditions.

Zx = QT QH'R 9
By using the zero-forcing property (9), the equation becomes:
qg ZgRv = v PdNu Vu (10)

Within the context of channel estimation errors, noise and interference are taken into account as shown in the following equation. The
following term describes the interference effects brought on by inaccurate channel estimation:

gl ZsRv (11)
With the zero-forcing condition (9) in mind, the interference phrase may be expressed as follows:

VPa @i Q' @QTQ) Ry (12)
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The received signal at the u™® user is given by
Yu = qEXp +1y
= (qu + du )T ZgRv +ny (13)

We may define the connection as follows in the case where n, indicates the Gaussian noise with distribution n, ~ CN (0, 6% ). The
precoder's zero forcing attribute allows for additional simplification of the aforementioned relation.

Vu = qu ZRv + §y ZRv +ny
= /PaMuVu +/Pa @ QA QTQ) RV +ny (14

Y

Partl Part3
Part2

The term part 1 denotes the intended signal for the user indexed by u™® . Part 2 is used to describe the interference that stems from
the estimated channel error, while part3 signifies the noise at the receiver. For massive MIMO systems, a general capacity lower bound
has been determined in [31], while for cell-free systems, a more detailed bound is provided in [2]. Using our notation. Consequently, the
SINR for the user at position u™ can be calculated as follows:

JE[l\/ PdNu Vu |2]
E[|/pa a5 Q'@ Q) 'Ry [*] +0?

SINR, = (15)

Utilizing the characteristics of expected values and acknowledging that §, adheres to The Gaussian distribution is complicated with the
parameters gy~ CN (0,Bpy — apy ), the formula for the SINR can be distilled into a more straightforward expression as follows:

SINR, = —ptdlu___ (16)

Pd Zr:l Nt Byjto?

The interference factors resulting from inaccuracies in channel estimate are captured in matrix B to be more precise, the expression for
every element [B]y; is as follows:

P
a1
Bui = Z(Bpu — Upuy ) [(QT Q) ]ui 17
p=1
As aresult, we possess:
_ Pd Nu
SINRy = pa(Bn)u+o? (18)

Where, B, is the large-scale fading coefficient between the u™ user and P™access point. The error in the channel estimation is explained
Pr T Béu

T the channel matrix estimation is denoted by Q . The Gram matrix of the estimated channel matrix is QT Q . The
d pu

by Apy =

. . rapay -l . | .
reverse representation of the Gram matrix is (QT Q) . The diagonal elements of the product matrix (QT Q) represent the orthogonality
properties used in zero-forcing.

5. Optimal Power Allocation

To maximize the cumulative rate of users, which is a crucial system performance metric, we need to solve the following optimization
problem:

U
Pd Nu
max lo (1 + 7) 19
n : I, 82 pa(BN )y + o2 o
u=1
The constraint Yy Ny < Riota1 =0

The issue is rewritten to maximize the lower SINR across all users, instead of aiming for the direct maximizing of the total rate. This
method encourages computational viability as well as fairness. The revised goal might be stated in the following manner:

Pd Mu
SINRy = ———F— (20)
“ Pa (BT] )u + o2
Problem of max-min power allocation, given the power constraints per antenna, is given by
max min __ Pl 21)

n u pg(Bn), +o?
As indicated in [30], the zero-forcing precoder's capability to nullify interference caused by transmissions to other users must be preserved.
. . . 2 2.
The power transmitted from antenna p to user u although the power coefficients are solely functions of u ,pd|a]ZJE| = pq nu|apu | is
contingent upon both p andu . The denominator and numerator of SINR,, in equation (21) are linear functions of 1 . Given that SINR is a

4
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quasiconcave function, equation (21) can be resolved employing the bisection method once again. Utilizing the principle of uplink-
downlink duality, we acquire crucial insights that facilitate a more effective resolution of the power distribution dilemma. The duality
concept proposes that the optimal resolution for the downlink beamforming challenge can be ascertained by first tackling an analogous
uplink problem. This corresponding uplink predicament involves the maximization of the minimal SINR in the uplink, which is articulated
as follows:

SINR, Pk = Puu 22)
Z Py + 02
j#u

Where p,,, is the uplink power assigned to user u.The bisection approach [32] may be employed, given that the issue in (21) is quasi-
concave [2]. To utilize the bisection approach, the comparable problem is first defined as follows:
. Mu
max min—— (23)
T Bt
4 pg

To make this simpler, we add an auxiliary variable t to represent the minimal SINR, where max t subject to
n

Lz > t,Vu (24)
(Bn )y + o
Y pg
U
Z' 1 T]u S Rtotal ’ T]u Z t!vu (25)
i=

The bisection method, along with alternative convex optimization techniques such as pilot assignment , has been proven effective in
addressing quasi-convex optimization problems in prior research [33]. This study leverages these methods to optimize power allocation in
cell-free massive MIMO systems. Furthermore, Algorithm 1 provides a systematic approach to solving the optimization issue, ensuring
convergence to the optimal power allocation strategy.

Algorithm 1 Bisection Algorithm for Optimal Power Allocation

: Input:

: U « Number of users

p < Power constraint

: 62 « Noise variance

: Bpu < Large-scale fading coefficients
pr TBu

pu < 1+ p TBpu

: Riotal < Total power budget

: P < Number of antennas

: Compute the interference matrix B

10: B < Oyxy

11:foru= 1toUdo

12:  fori = 1toTdo

13: forp = 1toPdo

14: B(u, i) < B(u' i) + (Bpu — Qpy )/(Q\ll * Qu)

15: end for

16:  end for

17: end for

18: Bisection Method Initialization

19:1<0

20:n « le*

2l: e« 1le7?

22:while(n — 1) = €do

23: t«< (1+n)/2

24:  CVX Optimization

25:  Solve the following problem:

LEN 9 YrwNE

26: maximize t
27: subject to:
28: — o >tvu
B(u,)n +P—d
u
29: Zi 1 Nu < Rtotal
30: N =t Vu
31:  ifthe problem is feasible then
32: n et
33 Mop < M
34: else
35: I «t
36: endif
37: end while
38: Output:

39:  Ngp < optimal power allocation
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6. Numerical Results

In our research, we examine a densely populated area measuring 2 x 2 km?, implementing wrap-around techniques to mitigate border
effects. It is postulated that P access points and U users are distributed randomly throughout this region. We use the COST Hata model for
the large-scale fading coefficients [1].

1010g10 Bpy = —136 — 351og19(dpy) + Spu (26)

In the given context, dp,,, represents the distance in kilometers between antenna p and user u, andsp, ~N (0, O'ghad) , where 0gpq = 8. The

variance of the receiver noise is denoted as o2 = 290 X X X B X N'F, withB, X, and N'F signifying the bandwidth (20MHz),
Boltzmann's constant, and the noise figure (9 dB), respectively.

TABLE 1: Simulation parameters.

Parameters Values
Standard deviation shadowing 8 dB

Power transmitted by every U 20 dBm
AP radiated power 30 dBm
frequency of carriers 1.9 GHz
The bandwidth 20 MHz

Noise figure 9dB

Thermal noise level - 174 dB m\Hz
Height of the AP antenna 15m
Height of the U antenna 1.65m
d, 50 m
doy 10 m
P 128
U 16

'& Start
Input parameter ‘

U.P.oR.a.f

¥

Calculate interference Matrix B I

¥

Formulate optimization problem &
initialize optimal selution

Initiglize bisection parameter |

¥

> Solve optimization problem

Update

parameter

y, Check
feosibilit

Yes
Update parameters & update optimal solution

Get aptimal solution
E 3
(=3

Fig. 2. Flowchart of the proposed power allocation algorithm.

This study presents the empirical cumulative distribution functions (CDFs) of per-user rates, comparing the use of uniform power
coefficients and max-min power allocation in cell-free massive MIMO configurations. In this context, P is set to 128 and U is set to 16.
Figure 2 represents the flowchart of the proposed algorithm for our system model.

Figure 3 depicts the relationship between the downlink achievable rate, measured in (bits/sec/Hz), and the quantity of APs within a
cell-free network, comparing two distinct precoding strategies. The ZF precoding method demonstrates a marked superiority over the CB
approach regarding the downlink achievable rate for all evaluated AP quantities. For instance, at a deployment of 200 APs, the ZF precoder
initiates with an achievable rate of roughly 284 bits/sec/Hz, in contrast to the CB precoder, which commences at approximately 62.7
bits/sec/Hz. This disparity suggests that the ZF precoder is highly effective in reducing interference, thereby enhancing spectral efficiency,
particularly as the network becomes more saturated with an increasing number of APs. Furthermore, the performance differential between
the ZF and CB precoders expands in tandem with the AP count, underscoring the ZF precoder's enhanced capability to mitigate interference
in densely populated network environments.
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0 1 | 1 .
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Fig. 3. Shows a downlink achievable rate between the proposed (ZF) precoding technique and the conventional (CB) precoding method against the
number of Aps.

Figure 4 illustrates scenarios with a higher user count, while Figure 5 depicts scenarios with a lower user count. Both figures examine
the CDF of the sum-rate for two precoding strategies within a cell-free massive MIMO system, assessing performance across varying user
densities. It is observed that the ZF precoder consistently surpasses the CB precoder in environments with both high and low user densities.
The sum-rate attained using the ZF precoder is notably superior, underscoring its efficiency in interference mitigation and optimal spectrum
utilization. These findings highlight the criticality of choosing a suitable precoding scheme that aligns with user density and network
demands to enhance spectral efficiency and augment the overall performance of cell-free massive MIMO systems.

Sum-Rate

1 T T
DL { Cell-Free with ZF precoder 7

0.8 - Cell-Free with CB precoder -

0.7 8

06 b

05 n

CDF

04 b

02 n

01 J B
o 1 1 1 I

o 80 100 150 200 250 300
Rate (bits/s/Hz)

Fig. 4. Shows the CDF of the sum-rate for the suggested method (ZF) precoder compared to the traditional CB precoder with P = 128 and U = 32.
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Fig. 5. Shows the CDF of the sum-rate for the suggested method (ZF) precoder compared to the traditional CB precoder with P = 128 and U = 16.

Figures 6 and 7 compare the CDF of the minimum rate for cell-free systems using ZF and CB precoders, highlighting how the number
of users affects the minimum achievable rate and demonstrating the superior performance of ZF precoding in maintaining higher minimum
rates. Figure 6 indicates that the ZF precoder, markedly excels in minimum rate performance with fewer users compared to the CB precoder.
At the median percentile, the ZF precoder secures a rate close to 1 bit/s/Hz, outperforming the CB precoder. The ZF precoder's consistent
and effective interference management translates to a superior and dependable minimum rate. In contrast, Figure 7 shows the ZF precoder
maintaining enhanced minimum rates at higher percentiles, reflecting its robustness amidst growing user density. Despite some
improvement, the CB precoder's performance remains inferior to that of the ZF precoder. Collectively, the data across both figures
demonstrate the ZF precoder's consistent ability to achieve higher minimum rates than the CB precoder, irrespective of user density,
attributed to its advanced interference management, ensuring reliable minimum rates in cell-free systems.

Min-Rate

0.9 | e Cell-Free with ZF precoder

ng b | = Cell-Free with CB precoder 4

0.7 -

06

05

CDF

0z

01

107! 10° 10’
Rate (bits/s/Hz)

Fig. 6. Shows the CDF of the min-rate for the suggested method (ZF) precoder compared to the traditional CB precoder with P =128 and U
=16.
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Fig. 7. Shows the CDF of the min-rate for the suggested method (ZF) precoder compared to the traditional CB precoder with P =128 and U = 32.

7. Conclusion

The downlink performance of cell-free massive MIMO systems was analyzed with respect to the minimum rate for each user and sum-
rate. In cell-free massive MIMO systems, all distributed APs simultaneously serve every user, ensuring consistently high-quality service
for each user. Employing the max-min criteria, power optimization techniques for cell-free Massive MIMO systems were examined in this
work by utilizing ZF and CB precoders. A power allocation strategy was presented for cell-free systems under pilot contamination, which
is happening when multiple users share the same pilot signal. The ZF precoding strategy not only demonstrates a substantial performance
advantage in terms of sum-rate but also ensures a more consistent and reliable minimum rate for all users across the network. The numerical
results presented in this paper indicate a marked performance improvement when using the proposed algorithm for power allocation in
cell-free systems with ZF precoding. These findings are consistent with the theoretical predictions, suggesting that the proposed algorithm
is both effective and practical for real-world applications. However, the number of users sharing the same pilot is a limitation of the
proposed approach.
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